Abstract. We prove two results on the nature of the Dirichlet coefficients a(n) of the L-functions in the extended Selberg class S . The first result asserts that if a(n) = φ(log n) for some entire function φ(z) of order 1 and finite type, then φ(z) is constant. The second result states, roughly, that if a(n)φ(log n) are still the coefficients of some L-function from S , then φ(z) = ce iβz with c ∈ C and β ∈ R. The proofs are based on an old result by Cramér and on the characterization of the functions of degree 1 of S .
Introduction
The nature of the Dirichlet coefficients of L-functions is often quite mysterious. In particular, one expects that, apart from the simplest cases, such coefficients have no "simple" expressions. A related problem is about the stability of such coefficients. A way of formulating such a problem is as follows: can one perturbate the coefficients of an L-function by multiplication by "simple" factors and still form an L-function? In this paper we analyze these problems for the L-functions in the Selberg class, in the case where "simple" means, roughly, "values of an entire function". We refer to Selberg [8] , Conrey-Ghosh [2] , Murty [7] and the survey paper [5] for the basic definitions and properties of the Selberg class S and of the extended Selberg class S . Here we only recall that S consists, roughly, of the Dirichlet series with meromorphic continuation to C and satisfying a standard functional equation.
The starting point of our investigations is an old result by Cramér [3] ; see also Ch. III of Bernstein [1] . Let α be any non-negative real number and let E α denote the set of entire functions φ(z) of order 1 and type at most α, i.e., satisfying φ(z) e (α+ε)|z| for every ε > 0. We recall that φ ∈ E α if and only if
see Ch.III of [1] . Given φ ∈ E α and a Dirichlet series F (s), convergent in some right half-plane and with coefficients a n , we write 
Now let s ∈ D and 0 < r < |s − Γ F |. Then
and hence
since we may choose r and ε such that α + ε < r. This proves Cramér's theorem; see Ch. III of [1] for other proofs. Our results are as follows.
ii) if for every entire F ∈ S we have F φ ∈ S , then φ(z) = ce iβz with some non-zero c ∈ C and some β ∈ R.
We remark that the hypothesis "for every (entire) F ∈ S " in both assertions of Theorem 2 can be replaced by the weaker hypothesis "for every (entire) F ∈ S with degree d = 1", or even by a weaker hypothesis. This will be clear from the proof. We also remark that Theorem 2 is related to the problem of the rigidity of the Selberg class; see [6] and Vorhauer-Wirsing [9] . In Section 4 we give a conjecture in this direction.
We finally remark that in the proofs we will repeatedly use the characterization of functions in S with degree 0 ≤ d ≤ 1; see Theorems 1 and 2 of [4] . In particular, we will use the following facts: the functions of degree d = 0 are Dirichlet polynomials, there are no functions with degree 0 < d < 1, and the functions of degree d = 1 are linear combinations of Dirichlet L-functions over Dirichlet polynomials.
Proof of Theorem 1
Let d F denote the degree of F ∈ S and m F be the order of pole of F (s) at s = 1. We first deal with the easy case of functions with d F = 0. By Theorem 1 of [4] , in such a case F (s) is a Dirichlet polynomial, and hence φ(log n) = 0 for n sufficiently large. Therefore, for r sufficiently large the function φ(z) has e r zeros for |z| ≤ r, which implies φ(z) = 0 identically. Suppose now d F > 0, and hence d F ≥ 1 by Theorem 1 of [4] . Moreover, assume first that F (s) is entire, thus F (s) = F (s) is entire as well and has coefficients a(n).
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Hence by Cramér's theorem we have that
is entire. Therefore, by Landau's theorem F φ (s) is everywhere absolutely convergent and hence the coefficients a(n) satisfy a(n) n −A for any A > 0. Thus F (s) is everywhere absolutely convergent, which contradicts the properties of the Lindelöf µ-function of F (s); see Section 2 of [5] .
In order to treat the remaining case d F ≥ 1 and m F ≥ 1 we need the following
Proof. By means of the coefficients α n of φ(z) in (1.1) we construct the function
see Ch. III of [1] . Therefore, writing α = α + ε for σ < 0 the Lindelöf µ-functions of F φ (s) and F (s) satisfy
The lemma now follows dividing both sides by −σ and letting σ → −∞.
Since a(n) = φ(log n) we have F (s) = ζ φ (s), and hence by the Lemma we get d F ≤ d ζ = 1. Therefore d F = 1; thus by Theorem 2 of [4] we have m F = 1. Hence we write
with a non-zero c ∈ C and an entire Dirichlet series 
with some Q > 0 and |ω| = 1. Hence from (2.1) and (2.2) we have
Therefore, unless G(s) = 0 identically, the function Γ(
) is almost periodic in t for any given σ < 0, which contradicts Stirling's formula. Hence G(s) = 0 identically, and Theorem 1 follows from (2.1).
Proof of Theorem 2
The first assertion of Theorem 2 is an immediate consequence of Theorem 1. Choose in fact F (s) = ζ(s), so that the coefficients of F φ (s) are a(n) = φ(log n). Hence by Theorem 1 we have φ(z) = c identically.
In order to prove the second assertion, we choose F (s) = L(s, χ 1 ) with χ 1 primitive Dirichlet character modulo q 1 > 1. By the Lemma we have d F φ ≤ 1, and by the same argument at the beginning of the proof of Theorem 1 we also have d F φ > 0. Thus by Theorem 1 of [4] we obtain that d F φ = 1, and hence by Theorem 2 of [4] we have
where χ runs over the characters modulo a certain integer q, the P χ (s) are Dirichlet polynomials, θ is a certain real number and χ * is the primitive character inducing χ.
Let p be a sufficiently large prime. Comparing p-th coefficients in (3.1) we get
Since the right-hand side of (3.2) is periodic of period q, for sufficiently large primes p 1 , p 2 with p 2 ≡ p 1 (mod q) and coprime to q 1 we have
and hence |ψ(log p 1 )| = |ψ(log p 2 )| = c 0 , say. Writing
, we have Ψ ∈ E 2(α+|θ|) and Ψ(log p) = 0 for sufficiently large primes p in a suitable arithmetic progression (mod q) and coprime to q 1 . Therefore, by the argument at the beginning of the proof of Theorem 1 we have Ψ(z) = 0 identically, and hence
By (3.3) we have two cases: either ψ(z) = 0 identically, or ψ(z) = ce bz . In the first case we also have φ(z) = 0 identically, which contradicts our hypothesis that F φ ∈ S . In the second case we have
and hence φ(log n) = cn b−iθ . Since F φ ∈ S and has degree d F φ = 1, we may inductively repeat the operation of convolution by φ(log n), thus getting
From Theorem 2 of [4] we have that every F ∈ S with d F = 1 satisfies the Ramanujan conjecture, i.e., the coefficients a(n) satisfy a(n) n ε for every ε > 0. Therefore, for every k ≥ 1
and hence b ≤ 0. Moreover, if b < 0, then for k sufficiently large the coefficients
say, a contradiction with the properties of the Lindelöf µ-function. Hence b = 0, and Theorem 2 follows from (3.4).
A conjecture
Given two sequences a = a(n) and b = b(n) we define their distance as 
